Drell-Yan as a probe of small x partons at the LHC by Oliveira, E. G. et al.
  Universidade de São Paulo
 
2012
 
Drell-Yan as a probe of small x partons at the
LHC
 
 
EUROPEAN PHYSICAL JOURNAL C, NEW YORK, v. 72, n. 7, pp. 2914-+, JUL, 2012
http://www.producao.usp.br/handle/BDPI/42235
 
Downloaded from: Biblioteca Digital da Produção Intelectual - BDPI, Universidade de São Paulo
Biblioteca Digital da Produção Intelectual - BDPI
Outros departamentos - IF/Outros Artigos e Materiais de Revistas Científicas - IF/Outros
Eur. Phys. J. C (2012) 72:2069
DOI 10.1140/epjc/s10052-012-2069-z
Regular Article - Theoretical Physics
Drell–Yan as a probe of small x partons at the LHC
E.G. de Oliveira1,2, A.D. Martin1,a, M.G. Ryskin1,3
1Institute for Particle Physics Phenomenology, University of Durham, Durham DH1 3LE, UK
2Instituto de Física, Universidade de São Paulo, C.P. 66318, 05315-970 São Paulo, Brazil
3Petersburg Nuclear Physics Institute, NRC Kurchatov Institute, Gatchina, St. Petersburg 188300, Russia
Received: 30 May 2012 / Revised: 19 June 2012 / Published online: 13 July 2012
© Springer-Verlag / Società Italiana di Fisica 2012
Abstract The predictions of Drell–Yan production of low-
mass lepton pairs, at high rapidity at the LHC, are known
to depend sensitively on the choice of factorization and
renormalization scales. We show how this sensitivity can be
greatly reduced by fixing the factorization scale of the LO
contribution based on the known NLO matrix element, so
that observations of this process at the LHC can make direct
measurements of parton distribution functions in the low x
domain; x  10−4.
1 Introduction
The very high energy of the LHC allows us to probe the
parton distribution functions (PDFs) of the proton at ex-
tremely small x, a region not accessible at previous accel-
erators. To extract the PDFs we describe the experimentally
observed cross sections as a convolution of the PDFs and
the cross section for the hard subprocess. Schematically, we
may write the cross section in the form
dσ/d3p =
∫
dx1 dx2 PDF(x1,μF)
× ∣∣M(p;μF,μR)∣∣2PDF(x2,μF), (1)
where a sum over the various pairs of PDFs is implied. The
matrix elements squared, |M|2, describe the cross sections
of the elementary partonic subprocesses. An observable pro-
cess at the LHC samples PDFs that carry momenta fractions
xi of that of the initial protons, where
x1,2 = mhard√
s
exp(±Y). (2)
Here mhard denotes the mass created in the subprocess. We
see that if a relatively low-mass subsystem is observed with
a e-mail: a.d.martin@durham.ac.uk
large rapidity, Y , at large collider energy, then we probe
PDFs at very small values of x2. However, the problem is
that using (1) we do not know the factorization scale μF
at which the PDFs are measured. Moreover, in the low x
region, the PDFs strongly depend on the choice of μF.1 It
is made worse due to the dominance of the gluon PDF at
small x. Consider, for example, the Drell–Yan production of
a low-mass, M , lepton pair. For a relatively low factorization
scale the LO qq¯ → γ ∗ subprocess may be overshadowed by
the NLO subprocess gq → qγ ∗, due to the dominance of
the gluon PDF at low x. However, as we shall see below, it
is this very dominance which will allow us to introduce a
procedure which greatly suppresses the scale dependence of
the predictions.
In general, after the summation of all perturbative orders,
the final result should not depend on the choice of μF that
is used to separate the incoming PDFs from the hard matrix
element. Contributions with low virtuality, q2 < μ2F, of the
incoming partons are included in the PDFs, while those with
q2 > μ2F are assigned to the matrix element. However, at
low x the probability to emit a new parton in some μF
interval is enhanced by the large value of the longitudinal
phase space, that is, by the large value of ln(1/x). In fact,
the mean number of partons in the interval  lnμF is
〈n〉  αsNC
π
ln(1/x) lnμ2F, (3)
leading to a value of 〈n〉 up to about 8, for the case ln(1/x) ∼
8 and the usual μF scale variation from μ/2 to 2μ. On the
other hand, the NLO coefficient function (the hard matrix
element) allows the emission of only one parton. Therefore
we cannot expect compensation between the contributions
coming from the PDF and the coefficient function. (At large
x the compensation is much more complete and provides
1See the μF dependence of low-mass Drell–Yan production or bb¯ pro-
duction, shown, for example, in [1] and [2], respectively.
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reasonable stability of the predictions to variations of the
scale μF.)
Here, our plan is to use the NLO result to fix the proper
choice of the factorization scale for the LO part of the am-
plitude, and to demonstrate that the resulting predictions are
quite stable to variations of μF in the remaining NLO part.
In other words, we would like to choose the value of μF
which minimizes the higher order αs NLO, NNLO, . . . con-
tributions.
As mentioned above, we may probe PDFs at low x by
observing low-mass systems, such as Drell–Yan lepton-pair
production or bb¯ production, at the LHC. In each case the
subprocess mass in (2) is relatively small, and so observa-
tion at large rapidities will probe PDFs at small values of x2.
These kinematics are particularly optimal for the LHCb ex-
periment [3, 4]. Since Drell–Yan is the simpler example, we
will use it to illustrate the method.
To sketch the idea, we start with the LO expression for
the cross section. In the collinear approach, the cross section
has the form
σ(μF) = PDF(μF) ⊗ CLO ⊗ PDF(μF). (4)
The effect of varying the scale from m to μF, in both left
and right PDFs, can be expressed, to first order in αs, as
σ(μF) = PDF(m) ⊗
(
CLO + αs
2π
ln
(
μ2F
m2
)(
PleftC
LO
+ CLOPright
)) ⊗ PDF(m), (5)
where the splitting functions
Pright = Pqq + Pqg, Pleft = Pq¯q¯ + Pq¯g (6)
act on the right and left PDFs, respectively, see Fig. 1. We
may equally well have incoming q¯’s in Pright and incoming
q’s in Pleft. Recall that in calculating the αs correction in (5),
the integral over the transverse momentum (virtuality) of the
Fig. 1 Diagrams (a, b) show NLO subprocesses for Drell–Yan pro-
duction resulting from the splitting of the upper PDF (or ‘right’ PDF,
in the notation of (5)). Diagram (c) is the main NNLO subprocess
gg → q¯γ ∗q
parton in the LO DGLAP evolution was approximated by
the pure logarithmic dk2/k2 form. That is, in the collinear
approach, the Leading Log Approximation (LLA) is used.
Now let us study the expression for the cross section at
NLO. First, we note that the original Feynman integrals cor-
responding to the NLO matrix element, CNLO, do not de-
pend on μF. However, we will see below how a scale depen-
dence enters. At NLO we may write
σ(μF) = PDF(μF) ⊗
(
CLO + αsCNLOcorr
) ⊗ PDF(μF), (7)
where we include the NLO correction to the coefficient func-
tion. In terms, for example, of the diagrams (a, b) of Fig. 1
this means that the 2 → 2 subprocesses qq¯ → gγ ∗ and
gq → qγ ∗ are now calculated with better, than LLA, ac-
curacy. However, part of this contribution was already in-
cluded, to LLA accuracy, in the second term in (5). So this
part should be subtracted from CNLO. Moreover, this LLA
part depends on the scale μF. As a result, changing μF redis-
tributes the order αs correction between the LO part (PDF⊗
CLO ⊗PDF) and the NLO part (PDF⊗αsCNLOrem ⊗PDF). We
see the part of NLO correction which remains after the sub-
traction, CNLOrem (μF), now depends on the scale μF, coming
from the μF dependence of the LO LLA term that has been
subtracted off. The trick is to choose an appropriate scale,
μF = μ0, so to minimize the remaining NLO contribution
CNLOrem (μF). To be more precise, we choose a value μF = μ0
such that as much as possible of the ‘real’ NLO contribu-
tion (which has a ‘ladder-like’ form and which is strongly
enhanced by the large value of ln(1/x)) is included in the
LO part where all the logarithmically enhanced, αs ln(1/x),
terms are naturally collected by the incoming parton distri-
butions.2
In the next section we describe how to choose an appro-
priate scale μF = μ0. Then in Sect. 3 we demonstrate how
by fixing μF = μ0 in the LO part of (5), we obtain stability
of the Drell–Yan cross section with respect to variations of
μF in the remaining NLO contribution. Moreover, it turns
out that the NNLO correction to the Drell–Yan process at
such a value of μF is also very small.
2 The choice of an appropriate factorization scale
DGLAP evolution describes the variation of parton densities
a(x,μ) with the scale μ. At LO it accounts for the splitting
of a parton a(xa, kat ) to a parton b(xb, kbt ), with the lon-
gitudinal momentum fractions which satisfy, xa > xb and
2Actually our approach is rather close to the kt -factorization method.
Using the known NLO result we account for the exact kt integration in
the last cell, adjacent the LO ‘hard’ matrix element (describing heavy
photon emission), while the unintegrated parton distribution is gener-
ated by the last step of the DGLAP evolution, just like the prescription
proposed in [5, 6].
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the transverse momenta which satisfy kat < kbt . This split-
ting is described by Feynman diagrams in the Leading Log
Approximation (LLA) where the exact kt distribution is ap-
proximated by the pure logarithmic form dk2t /k2t .
However, the hard matrix element is calculated more pre-
cisely. Here we account for the exact kt dependence. Our
aim is to choose the upper limit μF in the logarithmic kt in-
tegration in such a way that the value of the integral becomes
equal to the result given by the NLO matrix element which
contains the exact kt integration. Strictly speaking this can-
not be done for all the hard subprocesses simultaneously,
with a common value of μF. So we have to compromise,
and to choose μF for the subprocess which gives the major
contribution.
For Drell–Yan production at low x, the majority of
quarks/antiquarks are produced via the low-x gluon to quark
splitting, Pqg . That is, the most important NLO subprocess
is gq → qγ ∗. The corresponding cross section reads
dσˆ
dt
(
gq → qγ ∗) = παsαQED
sˆ2Nc
(
− sˆ
t
− t
sˆ
− 2M
2u
tsˆ
)
(8)
where Nc = 3 and u = M2 − sˆ − t . The kinematical upper
limit of |t | is
|t | = sˆ − M2 = (1 − z)M2/z, (9)
where M is the mass of Drell–Yan lepton pair and3 z =
M2/sˆ.
At first sight, a problem appears to be that, for a large in-
coming gq energy,
√
sˆ, we will have to consider very large
|t |; that is unreasonably large values of k2t = −(1 − z)t .
However, in reality this is not the case. Let us consider the
previous splitting, Pgq , which produces the gluon from an
incoming quark. That is the qq¯ → qq¯γ ∗ subprocess. For
large energy, sqq¯ 
 M2, of the incoming qq¯ system, the
gluon flux generated by the fast quark is of the form dxg/xg .
Since the cross section (8) decreases as the subenergy sˆ
increases, weighting the gq → qγ ∗ cross section with the
gluon flux, results in the main contribution coming from the
relatively low sˆ ∼ M2 region.
An explicit calculation shows that in such a case the pure
logarithmic LO evolution integrated up to μF = μ0 = 1.4M
convoluted with CLO reproduces the NLO contribution of
this subprocess. Since in the low-x region gq → qγ ∗ is the
dominant subprocess we anticipate that the choice of μF =
μ0 = 1.4M will minimize the remaining NLO contribution.
Moreover, at NNLO, for very small x, the dominant dia-
gram is gg → q¯γ ∗q , where on both sides of γ ∗ (the Drell–
Yan heavy photon) the quark and the antiquark are produced
3Strictly speaking, z is the ratio of the light-cone momentum fraction
carried by the ‘daughter’ quark to that carried by the ‘parent’ gluon,
z = x+q /x+g .
via the gluon to quark splitting, see Fig. 1(c). That is, we
have a gg → q¯γ ∗q subprocess with the same kinematics as
for the NLO qg → qγ ∗ case considered above. It should
be also well mimicked by the LO evolution with μF = μ0.
Thus the choice μF = μ0 will suppress (in a low-x domain)
the NNLO contribution as well.
3 Scale dependence of low-mass Drell–Yan production
Figures 2 and 3 show, respectively, the factorization, μF, and
the renormalization, μR, scale dependences of the cross sec-
tion as a function of rapidity for the Drell–Yan production4
of a μ+μ− pair of mass M = 6 GeV at the LHC energy of
7 TeV. As the plots are symmetrical about rapidity Y = 0,
we are able to compare directly two sets of distributions.
The left-half of each of these plots shows the LO, NLO
and NNLO results calculated with the MSTW2008 LO,
NLO and the NNLO PDFs [8], respectively. In Fig. 2(a)
the renormalization scale μR = M is fixed, while the value
of factorization scale is varied: μF = M/2, M, 2M . In
Fig. 3(a) the factorization scale is fixed μF = M , while the
renormalization scale is varied: μR = M/2, M, 2M . It is
clear that the uncertainties arising from the μF dependence
are huge at the LO, large at the NLO and still not negligi-
ble even at the NNLO; see, also, [1]. The dependence on the
value of μR is not so strong, but is still not negligible.
In the right-half of these plots, the continuous bold lines
show the cross sections calculated using the PDFs with our
‘optimal’ choice of scale, μF = μ0 = 1.4M , in the LO part.
The only scale dependence in Fig. 2(b) comes from the vari-
ation of μF = M/2, M, 2M in the PDFs convoluted with
the remaining NLO contribution. Recall that the value of
μ0 was found to almost nullify the NLO correction, leav-
ing only a small CNLOrem contribution. Indeed, the plot shows
that the distribution has very good stability to the variation
of μF. The dashed lines on this plot (Fig. 2(b)) show that the
stability would be much worse if we were to take μ0 = M or
μ0 = 2M , rather than the optimal value of μF = μ0 = 1.4M .
Moreover, as we argued in Sect. 2, even the NNLO cor-
rection is rather small for the choice μ0 = 1.4M . The cor-
responding NNLO distribution, calculated with μF = μ0 =
1.4M , is shown by the crosses. It is rather close to the (NLO)
continuous lines. Recall, here we have used μR = M , and
the same MSTW2008 NLO PDFs for both NLO and NNLO
calculations, as we wish to see the effect of changing from
CNLO to CNNLO leaving the PDFs unchanged. Let us explain
why this is the appropriate procedure, since at first sight it
may appear that we should use NNLO PDFs for the NNLO
prediction.
4We use the computer code Vrap of Ref. [7].
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Fig. 2 (a) Sensitivity of M = 6 GeV Drell–Yan μ+μ− produc-
tion, as a function of rapidity Y , to the choice of factorization scale:
μF = M/2, M, 2M , at LO, NLO, NNLO. (b) The bold lines corre-
spond to the choice μF = μ0 = 1.4M which minimizes CNLOrem , and
show the stability with respect to the variations μ = M/2, M, 2M in
the scale of the PDFs convoluted with CNLOrem —the μ dependence is in-
dicated by the symbolic equation at the top of the diagram. The dashed
lines show that the stability disappears for other choices of μ0. The
small crosses are the NNLO result. In this figure the renormalization
scale is fixed at μR = M
Fig. 3 (a) Sensitivity of M = 6 GeV Drell–Yan μ+μ− production to
the choice of renormalization scale: μR = M/2, M, 2M , at LO, NLO,
NNLO; and the fixed factorization scale μF = M . (b) Stability of the
NLO result is achieved for the optimal choice μF = μ0 = 1.4M
The basis of our method is that the long evolution length,
in (5) with m = Q0, means that the LLA LO result can cap-
ture most of the answer provided that the factorization scale
is chosen correctly. That is, the LO term captures most of the
NLO contribution for μF = μ0 = 1.4M , and even the major
part of the NNLO contribution for the same value of μF.
In general, one may use the known NNLO result to de-
termine another value of the optimal scale, μ1, such that
the NLO part (the αs term in the splitting functions) of
DGLAP evolution will capture most of the NNLO contri-
bution. However, as it is seen from Figs. 2 and 3, already the
scale μ0 used for the LO part (the α0s term in the splitting
functions) provides sufficient stability of the results for the
Drell–Yan cross section.5
In Fig. 3(b) we see an analogous stability with re-
spect to variations of the renormalization scale: μR =
M/2, M, 2M , when the factorization scale is fixed at
μF = μ0 = 1.4M . This additionally confirms that the NLO
(and NNLO) corrections are suppressed for the optimal
choice of μF.
4 PDF dependence of low-mass Drell–Yan production
What values of x1 and x2 of the PDFs are probed in Drell–
Yan production of a system of mass M with rapidity Y ? For-
mally, in the collinear approximation, the LO term samples
PDFs with precisely known momentum fractions
x1,2 = M√
s
exp(±Y) . (10)
That is, the xi distributions are δ-functions. This is not true
in reality. Formula (10) does not include the transverse mo-
menta of the incoming partons. It assumes kt  M . If we
account for kt , then we would have
x1,2 =
√
M2 + k2t√
s
exp(±Y). (11)
On the other hand, the optimal scale μ0 = 1.4M is rather
large. For this scale, the partons in the PDFs have kt ’s up
to μ0, which may exceed the value of M . In order to get a
more realistic impression of the interval of x sampled by the
process, we go back one step in the DGLAP evolution. That
is, we consider the qg → γ ∗q subprocess, which we already
discussed at NLO. Recall that actually the majority of low-x
quarks (antiquarks) were produced just in this way.
To be specific, let us take the gq → qγ ∗ matrix element
(8), and convolute it with the NLO MSTW PDFs. Figure 4
shows the resulting distributions of the momentum fractions
of the quark (continuous lines) and the gluon (dashed lines).
As before we consider Drell–Yan production of a system
of mass M = 6 GeV at the LHC energy √s = 7 TeV. We
show the distributions for two rapidities: Y = 0 and Y = 4.
The very sharp left-hand cutoff of the distributions reflects
the fact that the momentum fraction cannot be less than that
given by (10). The tail at larger x is due to the smearing
of the distribution arising from the (qg → γ ∗q) subprocess.
5Recall that the subtractions of the contribution generated by the NLO
DGLAP evolution convoluted with the LO matrix element from the ex-
act NNLO matrix element include the NLO splitting functions. There-
fore we can convolute the known NNLO coefficient functions, CNNLO,
with either the NLO or NNLO PDFs, but not with the LO PDF; in the
latter case we need to recalculate the NNLO matrix element.
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Fig. 4 The values of x1 and x2 of PDFs probed by the observation of
Drell–Yan production, through the qg channel, of a lepton pair of mass
M = 6 GeV at a 7 TeV LHC. The gluon (quark) PDF is sampled in the
x region given by the dashed (continuous) curves. The distributions
are shown for two different values of the rapidity, Y , of the lepton-pair
system. The two curves for each PDF at each rapidity correspond to
two choices of the virtuality cutoff: namely Q0 = 1 and Q0 = 2 GeV
A narrow peak near the lowest possible value of x is due to
the 1/t singularity in the subprocess cross section (8).
To calculate the distributions shown in Fig. 4 we intro-
duced the infrared cutoff |t | > Q20, with Q0 = 1 GeV (the
smallest virtuality at which the DGLAP evolution starts).
For a larger cutoff,6 Q0 = 2 GeV we get the lower peaks
shown in the diagram. For the cutoff Q0 = 1 GeV, the sub-
process gq → qγ ∗ gives more than 90 % of the whole
Drell–Yan cross section. Thus the distributions shown in
Fig. 4 provide a rather good evaluation of the x-regions sam-
pled by the Drell–Yan process for these kinematics.
What information about PDFs do we obtain from mea-
surements of low-mass Drell–Yan lepton pairs at high ra-
pidity? It is important to emphasize that the data make a
direct measurement of the quark/antiquark PDFs at the op-
timal scale μ = 1.4M , with little factorization or renormal-
ization scale ambiguity, for the values of x1,2 given by (10).
That is, there is a direct one-to-one correspondence between
the data and the PDFs. For example, the production of a low-
mass M = 6 GeV μ+μ− pair at 7 TeV, going forward with
rapidity Y = 4, measures quark/antiquark PDFs with
x1 = 4.7 × 10−2, x2 = 1.6 × 10−5, (12)
but at a moderately high scale, μ2  70 GeV2.
What is the impact of such measurements on global PDF
analyses? Clearly, the measurements can probe a small x
domain so far unexplored by data. If, at such small x, we
were to believe in pure DGLAP evolution, then the majority
of the low x quarks (antiquarks) come from the g → qq¯
6In the case of Q0 → 0 we come back to δ-functions at the x values
given by (10).
Fig. 5 The ‘LO+NLO’ cross sections for the Drell–Yan production of
a M = 6 and M = 12 GeV μ+μ− pair, as a function of its rapidity, at
7 TeV, obtained using four different recent NLO sets of PDFs [8–12].
We show the 1σ error corridor for the predictions obtained using the
MSTW parton set
splitting. Therefore the M dependence of the Drell–Yan
cross section will probe the gluon distribution in a similar
way to how the scaling violations in deep inelastic scatter-
ing data, dF2(x,Q2)/dQ2, probe, via DGLAP evolution,
the low x gluon density.7 So, by including low-mass high-
rapidity Drell–Yan data in the global parton analysis we will
strongly constrain the low x gluon PDF. Note that Drell–
Yan data at the LHC may probe very low values of x.8 In
this future global analysis we should account for the absorp-
tive, ln(1/x), etc., modifications to the evolution equations,
as well as using the Drell–Yan data at the optimal scale.
Bearing in mind the above qualifications, let us use recent
sets of existing global PDFs to calculate the cross section
for the examples of M = 6 and M = 12 GeV lepton-pair
production. The results are shown in Fig. 5. The scales in
the figure have been adjusted to allow for the naive 1/M3
behavior of the cross section, so that any departure from the
‘symmetry’ of the plot is due to the PDFs.
At first sight, it might be surprising that there is not more
difference between the predictions from the different sets of
PDFs for such low values of x2. However,
(a) in Fig. 5 we show only the predictions made by using the
reasonable sets of PDFs. Within the error bands these
sets are more or less consistent with each other;
(b) the partons are being probed at a moderately high scale:
μ2F  70 and 280 GeV2 where the difference between
different sets of PDFs is not large;
(c) recall that, at the moment, there is no prediction for
Y  4, but only those based on ‘ad hoc’ PDF extrapo-
7Recall that starting the evolution from Q0 = 1 GeV more than 90 % of
the Drell–Yan cross section is described by the gq → γ ∗q subprocess,
and so will probe g(x2)q(x1), see Fig. 4.
8See for example Ref. [13].
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lations to very low x; however, the forthcoming LHCb
data can provide an important direct measurement of the
PDFs in this low-x region—a domain which is not ac-
cessible by previous data.
5 Conclusion
The observation of low-mass Drell–Yan μ+μ− pairs at high
rapidity at the LHC can probe the PDFs in a low x domain
unreachable in previous experiments; that is, x  10−4.
However, the constraints on the PDFs found using a con-
ventional analysis of the data show great sensitivity to the
choice of factorization (and renormalization) scale. Here we
have introduced a technique to determine an optimal scale
which greatly reduces this sensitivity. The optimal scale is
found to be μF = 1.4M , where M is the mass of the pro-
duced μ+μ− pair. Simply for illustration, we show ‘predic-
tions’ of the Drell–Yan cross section, as a function of rapid-
ity, Y , for M = 6 and M = 12 GeV for a variety of recent
PDF sets, but we stress that the predictions for Y  4 depend
on ‘ad hoc’ extrapolations. Here, LHC data can, for the first
time, make a direct measurement of PDFs in the x  10−4
domain.
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